A joint superimposed sequence design, known as SuperImposed sequence for PAPR Reduction, or SIPR, using per-tone affine precoding technique is proposed to jointly estimate MIMO-OFDM channels and reduce the peak-to-average power ratio (PAPR) for MIMO-OFDM systems. The proposed technique optimizes the trade-off between BER, MSE of the channel estimate, and PAPR reduction performance. Moreover, it does not require side information to be transmitted for the removal of the sequence at the receiver, and the transmit redundancy can be as small as 1 symbol/subcarrier. The superimposed sequence is designed by solving a convex quadratically constrained quadratic programming problem and has a computational complexity comparable to previous technique using linear programming. It is shown that SIPR can be regarded as a generalization of the popular tone reservation (TR) technique, and thus, is able to outperform TR in terms PAPR reduction performance, with less transmit overhead. Simulation results and transmit redundancy analysis of SIPR and TR are shown to illustrate the efficacy of the proposed scheme.
Introduction
MIMO-OFDM has proven to be the key enabler of highspeed, bandwidth efficient broadband communication systems, such as IEEE 802.16e, 3GPP LTE and the LTEAdvanced. The use of MIMO-OFDM allows such systems to combat the adverse effects brought about by wideband channels so that intersymbol interference can be easily removed without incurring huge penalty in computational complexity. Unfortunately, due to the use of the IFFT at the transmitter, the transmitted signal follows a Gaussianlike, time-domain waveforms with relatively high peak-toaverage power ratio (PAPR) compared to single-carrier systems. To avoid signal distortion, highly linear, and consequently inefficient power amplifiers, are required. The problem is worsened when the OFDM systems are combined with MIMO as more RF chains are required for transmission where different antennas may exhibit large and varying degrees of PAPR.
It is well known that nonlinearity in high power amplifiers can distort the transmit signal. Such distortion can lead to undesirable spectral regrowth, thus interfering with signals in the neighboring subcarriers. Large amounts of distortion can also cause in-band self-interference, which increases bit error rate. Hence, it is customary for power amplifiers to operate with a certain power backoff, which is defined as the ratio of maximum saturation output power to lower average output power [1] . However, such backoff schemes lowers the efficiency of the power amplifier and increases overall power consumption. Such problems can be avoided by employing clipping [2] and clipping with filtering [3] . Unfortunately, clipping is a highly nonlinear technique which, similar to backoff schemes, can also cause in-band and out-of-band (OOB) distortion, resulting in increased bit error rate (BER). An iterative PAPR reduction technique using clipping without in-band and OOB distortion has been reported in [4] . The method requires the use of null subcarriers otherwise it will incur BER degradation or OOB distortion. Although increase in the number of iterations reduces the PAPR, it also increases the signal power in the unused subcarriers. Multiple signal representation techniques such as partial transmit sequence (PTS) [5] - [7] , selected mapping (SLM) [8] , [9] , and interleaving [10] - [12] have also been proposed as distortionless techniques to reduce the PAPR. Unfortunately, either side information has to be transmitted, or an increase in computational complexity at the receiver is needed, to allow for the recovery of the data. Tone reservation (TR) techniques [13] are data-dependent methods which add signal to the information-bearing signal in order to lower the PAPR. The TR method does not distort the original signal as the added signal is injected into set of subcarriers that have been reserved for PAPR reduction. This, of course, lowers the spectral efficiency of the system. The TR method was extended by [14] such that the power injected into the reserved subcarriers for PAPR reduction is formulated as a power allocation problem which can be efficiently solved using linear programming. TR methods using virtual subcarriers [15] and single reserved subcarrier [16] were proposed as modified versions of the original TR method in [13] to alleviate the problem of data rate loss. Combination of TR and clipping methods have also been proposed in [17] . Recently, a combined channel estimation and PAPR reduction technique was proposed by [18] in which phase information of the pilot, together with TR, were used to mitigate PAPR of the information-bearing signal for MIMO-OFDM system with null subcarriers. An overview of previous proposed PAPR reduction techniques are given in [19] , [20] .
Herein, a superimposed sequence design, known as SuperImposed sequence for PAPR Reduction, or SIPR, using per-tone affine precoding technique is proposed to reduce PAPR for MIMO-OFDM systems and estimate spatially correlated MIMO-OFDM channels even if spatial correlation uncertainty exists. The proposed technique can easily trade-off between mean-squared error (MSE) of the channel estimate and PAPR reduction performance. Moreover, it does not require side information to be transmitted for the removal of the sequence at the receiver, and the transmit redundancy can be as small as 1 symbol/subcarrier. The superimposed sequence is designed by solving a quadratically constrained quadratic programming (QCQP) problem whose computational complexity is comparable to previous technique using linear programming. It is shown that SIPR can be regarded as a generalization of the popular tone reservation (TR) technique, and thus, is able to outperform TR in terms PAPR reduction performance, with less transmit overhead. Simulation results and transmit redundancy analysis of SIPR and TR are shown to illustrate the efficacy of the proposed scheme. The rest of the paper is organized as follows. The system model and a detailed description of SIPR are given in Sect. 2, followed by the simulation results in Sect. 3. The paper is concluded in Sect. 4 .
Notations: Upper (lower) bold face letters denote matrices (column vectors).
H denotes Hermitian transpose, T denotes transposition, and 
Methodology

System Model
Consider an affine precoded MIMO-OFDM system with N t transmit and N r receive antennas as shown in Fig. 1 . N f -point DFT and IDFT are adopted.
T is the information-bearing signal vector, with k denoting the block index and N s denoting the block size. Without loss of generality, N t = 2 and 4 are assumed such that 2 × 2 and 4 × 4 orthogonal SFBC are used, respectively. The SFBC encodes two adjacent OFDM subcarriers at a time for a total of K ≥ N t symbols. Note that the use of SFBC is not mandatory as it is only used to ease the decoding process. The output signal from the ith subcarrier at the th antenna can then be grouped together to form x i, ∈ C K , for i = 1, 2, . .
The information-bearing signal can then be written
X is then post-multiplied by the precoder matrix P = P
where
is the per-tone affine precoder matrix which adds L ≥ N t redundant symbols to the signal at the ith subcarrier. p i, j ∈ C K+L denotes the precoder vector for j = 1, 2, . . . K. The postmultiplication of the ith per-tone affine precoder to the data matrix X i in (2) runs in contrast to conventional precoding techniques where the precoding matrix is pre-multiplied to the data matrix. It is clear that x T i, P i belongs to the range space of P T i , which as will be explained in the sequel, eases the removal of the superimposed sequences as the sequences and data belong to different orthogonal subspaces. As explained in [23] , [24] , removal of the sequences will be more difficult if the precoding matrix is pre-multiplied to the data matrix as the information-bearing signal belongs to the range space of the channel, which cannot guarantee to be orthogonal to the spaces occupied by the sequences. For ease of derivation, the precoded data shall be presented as
, as proposed in [24] , and the complex-valued SIPR matrix
size, where
and
K+L denoting the SIT and SIPR vector for the th antenna at the ith subcarrier, respectively. The superimposed sequence matrices will then be added to the precoded data before the IFFT resulting in
as illustrated in Fig. 1 . Combining IFFT, cyclic prefix (CP) insertion, CP removal, and FFT with the frequency-selective MIMO channel results in an equivalent channel matrix
where H m ∈ C N f ×N f is a diagonal matrix containing the Fourier coefficients of the channel between the mth receive and th transmit antenna. Thus, the receive data after CP removal can be written as
denotes the channel noise matrix. It is assumed that the total signal power is normalized,
denote the variance of D, C 1 and C 2 , respectively. It is further assumed that the information-bearing signal, and superimposed sequences all have zero-mean and are statistically independent from each other.
Proposed Sequence Design
It is clear from (6) that recovery of the data-bearing signal embedded inside D requires the removal of C 1 , C 2 and W, which can only be carried out after channel estimation has been performed using C 1 . However, C 2 will have to be removed during the channel estimation and the detection phase as C 2 is only exploited by the transmitter.
Defining
for ease of derivation, where i denotes the subcarrier index. Following the technique employed in [23] , [24] , the decoupling of the SIT sequence C i 1 can be achieved by post-multiplying Y i by the per-tone decoder
where H i ∈ C N r ×N t is the matrix containing the Fourier coefficients at the ith subcarrier for all transmit and receive antennas. In other words, the SIT vector c 1,i, should lie in the column space of Q i . Therefore, the condition that C 
, and Σ C 
In the detection phase, the information-bearing signal can be recovered by post-multiplying Y by the decoding matrix
Hence, a simple way to design P i and Q i is by extracting components off of an orthogonal matrix O i ∈ C (K+L)×(K+L) , i.e.
Unfortunately, this is insufficient for the purpose herein as C i 2 remains. However, suppose
, and 
thus allowing the SIPR matrix C i 2 to be completely eliminated by Q i and Q D i such that it will not interfere with either channel estimation nor symbol detection. It is clear that the existence of C i 2 does not impact the spectral efficiency of the system. Note that the number of superimposed subcarriers for C i 2 can be arbitrary chosen. For example, if there are N f subcarriers, C 2 is only added to the equally spaced
subcarriers, where Δ f is a design parameter denoting the subcarrier spacing, with the constraint that N f must be divisible by Δ f . Note also that K and L can be different for each subcarrier as long as the sum of K and L for each subcarrier is identical. This is done so that it minimizes the impact on the spectral efficiency.
To account for uncertainty in the spatial correlation matrix, C i 1 can be designed using the RoMMSE technique proposed in [24] in order to improve MSE performance over that of [23] for spatially correlated MIMO channels. That is, C i 1 (or equivalently C i 1 ) can be found by solving
where R is the estimate of the spatial correlation matrix R = Σ t ⊗ Σ r , with Σ t ∈ C N r ×N t and Σ r ∈ C N r ×N t denoting the spatial correlation matrix at the transmitter and receiver, respectively. E = R − R ∈ C N r N t ×N r N t models the mismatch between R and R. C
ww denotes the noise power, and
is the power of C 1 + C 2 . The selection of α will be described in Sect. 2.3.
The design of C 2 requires the minimization of [21] PAPR MIMO = max
where s (t) denotes the signal in time domain at the th antenna. From (4), the output from the IFFT becomes
In other words, F is a block diagonal matrix composed of N t number of N f -point DFT matrices F , for = 1, . . . , N t . Defining
. . .
, then C 2 can be expressed as
Since M is created by stacking M i , for i = 1, . . . , N f and M i is obtained as proposed in (17), C 2 is completely parameterized by B. The transmitted block matrix S can be vectorized as
Using the property vec (AEB) = B T ⊗ A vec(E), and letting A = F H , E = C 1 + BM + D, and B = I K+L , then the PAPR reduction problem can be formulated as
where (26) is obtained by using (24), and
is the power constraint on C 2 . Note that (26) can be easily recasted as a convex QCQP problem [25] min
where N s N f N t (K + L) denotes the size of the vector s. Assuming the primal-dual interior point method is used, and let n = (L − N t ) N t N f to denote the number of variables, then the number of iterations required to solve the ε-solution of the above QCQP is O (ln n ln(1/ε)) [27] . Assuming each iteration requires O n 3 arithmetic operations, then a total of O n 3 ln n ln(1/ε) arithmetic operations is required. Since the same interior point method can be used to solve for linear programming problems, hence, the number of iterations for the proposed algorithm is similar to that of [14] .
Power Allocation
Performance of joint channel estimation and PAPR reduction depends on how much power is allocated to C 1 and C 2 . Unlike the power allocation problem for the channel estimation problem considered in [24] , which only involves power allocation for C 1 , which can be done by optimizing the effective SNR at the receiver. The effective SNR in the scenario considered herein is
where W T ∈ C N f N f ×(K+L) denotes the clipping noise, which results from in-band distortion caused by the use of clipping (and filtering) [28] to deal with symbols which still exceed the maximum power of the (linear) amplifier. As noted in [26] , when the system is experiencing severe fading, the degradation of the SNR will be predominantly due to the channel noise, not the clipping noise. Under this premise, the power allocation between the information-bearing signal X and the sum of the superimposed sequences C 1 + C 2 in (6) can be carried out by utilizing the scheme proposed in [24] , i.e. without considering the contribution of W T . The power of the superimposed sequences is selected to be
Since there is no optimal way to allocate power between C 1 and C 2 , an ad hoc method shall be adopted. This can be carried out by utilizing assumed a priori knowledge about the clipping ratio, which is defined as the ratio of the maximum signal amplitude that is allowed to pass unclipped to the root-mean-square power of the unclipped signal [26] . Therefore, increase in the clipping ratio (CR) results in smaller clipping noise. Figure 2 shows MSE vs. α for clipping ratio equals to 6 dB and 0 dB and for SNR equals to 10 and 25 dB for 2 × 2 MIMO-OFDM system. The total number of redundant symbols L = 4, where 2 symbols are used for channel estimation, and the rest for PAPR reduction, and Δ f = 4. The MSE reaches an optimal value at α = 0.6 for CR = 6 dB and α = 0.5 for CR = 0 dB when SNR = 10 dB, and α = 0.4 for CR = 6 dB and 0 dB when SNR = 25 dB. It is obvious as the level of clipping noise increases, more power is needed in C 2 (smaller α) to further reduce the PAPR. Also, as SNR increases, the value of α that would be required to achieve the smallest MSE decreases as less power is needed in C 1 for channel estimation. Since CR = 6 dB is typically encountered in actual system, α = 0.6 is chosen in the next section for some of the simulations. Defining w 1 ασ 2 cc and w 2 (1 − α)σ 2 cc as the normalized power allocated for C 1 and C 2 , respectively (normalized by N f N t (K + L)). Consequently, with SNR = 10 dB, the normalized power allocated for channel estimation for 2 × 2 MIMO-OFDM system is w 1 = (0.6)(σ 2 cc ) = 0.19 and for PAPR reduction is w 2 = (1−α)(σ 2 cc ) = (1−0.6)(σ 2 cc ) = 0.13. Note that for 4×4 MIMO system, w 1 and w 2 were computed to be 0.18 and 0.12, respectively. Since α = 0.6 is chosen based on given set of design and simulation parameters, performance loss in MSE or PAPR reduction is expected when a different set is used, e.g. when the SNR is not equal to 10 dB. The choice of parameters will be further discussed in the sequel.
Simulation Results
4-QAM modulation is used to modulate the informationbearing signals in all simulations. For 2 × 2 system, Alamouti SFBC is used to provide transmit diversity. A half-rate complex orthogonal SFBC [29] is used for the 4 × 4 system.
2 × 2 MIMO-OFDM System
The simulation results in this section are generated using a MIMO-OFDM system with N t = N r = 2. Figure 3 shows the CCDF performance of the proposed SIPR scheme with different frequency spacings using the power allocation scheme described in Sect. 2.3. The figure also includes the CCDF performance for a system using only the robust superimposed training sequence channel estimator RoMMSE proposed in [24] and one that does not use any superimposed sequence (No SIT). SNR = 10 dB, CR = 6 dB, N f = 512, and K = 10 are used throughout all CCDF simulations in this subsection. The number of redundant vectors L equals to 4. For 2 × 2 SIPR, two of the redundant vectors are used for channel estimation with the rest allocated for PAPR reduction. Furthermore, w 1 = 0.19 and w 2 = 0.13. From the figure, it is clear that PAPR reduction performance improves as Δ f decreases. This is reasonable since more symbols are allocated for PAPR reduction when smaller Δ f is used. Unfortunately, even when Δ f = 1, the SIPR based system exhibits higher PAPR than the No SIT based system when PAPR 0 10.5 dB. This is due mainly to the addition of C 1 , which pushed the CCDF curve for Δ f = 16 all to the way to PAPR 0 = 17 dB. This can be remedied by either increasing w 2 and/or L.
To increase PAPR reduction performance, w 1 is decreased to 0.1 and w 2 is increased to 0.2. N f = 512. The CCDF results are shown in Fig. 4. Comparing Figs. 3 and 4 , it is clear that SIPR with Δ f = 2 is now able to outperform RoMMSE and No SIT (for PAPR 0 12 dB). When Δ f = 1, the PAPR performance for SIPR outperforms all the others. For example, at CCDF = 10 −3 , PAPR 0 = 8 dB for Δ f = 1, but for Δ f = 2, PAPR 0 = 11 dB. To see the improvement in PAPR reduction more clearly, Fig. 5 overlays the CCDF curves with identical Δ f but different power allocation. As expected, increasing w 2 from 0.13 to 0.2 improves the PAPR reduction performance. Unfortunately, decreasing w 1 from 0.19 to 0.1 undoubtedly decreases the MSE performance of the channel estimate as seen in Fig. 6 when MSE performance between the two different power allocation is compared. Note that N f = 128 in this figure. BER performance is shown in Fig. 7 when L = 4, Δ f = 1 and 4, and N f = 128. Since part of the power for C 1 has now been reallocated to C 2 in the SIPR algorithm, higher BER is observed when compared to the RoMMSE method as evidenced in Fig. 7 . This loss, however, is less than 1 dB at BER = 10 −2 . Also, note that the MSE and BER do not change significantly between Δ f = 1 and 4 as changing Δ f mainly affects PAPR reduction performance.
PAPR reduction performance of SIPR with different number of redundant vectors and RoMMSE is shown in Fig. 8 , with N f = 128. For all three SIPR curves, two redundant symbols are allocated to channel estimation, with the rest allocated for PAPR reduction. For example, when L = 3, one redundant symbol is allocated for PAPR reduction. When L = 5, three redundant symbols are allocated for PAPR reduction. The normalized power w 1 = 0.1 and w 2 = 0.2. When L = 3 and CCDF = 10 −3 , the PAPR of SIPR outperforms that of the RoMMSE by 1.5 dB. When Δ f decreases to 1, this gap increases to almost 4 dB. Furthermore, as the number of redundant vectors increases, the PAPR performance improves. At CCDF = 10 −3 and Δ f = 4, the PAPR gap between L = 5 and 3 equals to 1.5 dB. When Δ f decreases to 1, this gap increases to 3.5 dB. Such performance gain is expected because as L increases, the number of rows in M i also increases, thereby expanding the dimension of the "PAPR reduction subspace", allowing more redundant symbols to be utilized for PAPR reduction.
PAPR reduction performance between tone reservation and SIPR is compared in Fig. 9 with N f = 128. To make the comparison fair, L = 2 redundant symbols are added in the simulation for TR as this is the same number of redundant symbols used in the simulations for SIPR. 32 subcarriers, or 25% of the total number of subcarriers, were reserved for PAPR reduction in the TR simulation. This is comparable to the simulation conditions in [13] . Δ f = 4, 2, and 1 were used for SIPR. When CCDF equals 10 −3 , SIPR with Δ f = 1 is able to outperform TR in terms of PAPR reduction by 0.7 dB. Moreover, the spectral efficiency of a SIPR system will be comparable to that of a "No SIT" system as the transmit redundancy can be as small as 1 symbol/subcarrier if C 1 is not needed for channel estimation. This is not the case for TR as dedicated subcarriers have to be utilized, further impacting the spectral efficiency. To gain further insight into the impact of the transmit redundancy, define the transmit efficiency as
where κ denotes the number of the transmitted symbols used for channel estimation and data detection, and τ denotes the total transmitted symbols. In Fig. 9 , ρ is equal to 75% for the TR method because the number of reserved subcarriers used is 25% of the total number of subcarriers. However,
for the proposed SIPR scheme with Δ f = 4. K 1 = 12 is the number of symbols per subcarrier which are transmitted when C 2 is employed on that particular subcarrier, and K 2 = 14 is the number of symbols per subcarrier which are transmitted when C 2 is not used. Table 1 summarizes the transmit efficiency of methods used in Fig. 9 , and it is clear that the proposed scheme outperforms the tone reservation method not only in PAPR reduction performance, but also in terms of transmit efficiency, because less overhead is needed. This performance gain can be attributed to the fact that SIPR is able to spread the PAPR reduction symbols across the entire transmission spectrum without affecting the transmit efficiency. This allows the proposed method more capability to reduce the PAPR compared to the TR technique. Hence, SIPR can be viewed as a generalization of TR. It is important to note that decreasing Δ f from 4 to 1 does not impact the MSE performance of SIPR as long as the normalized power w 1 allocated to C 1 remains the same. This is evident in Fig. 6 . Figure 10 shows the CCDF result for 4 × 4 system with different power distribution for SIPR for Δ f = 1 and 4. SNR = 10 dB, CR = 6 dB, and N f = 128. The number of redundant vectors L equals to 8. For 4 × 4 SIPR, four of the redundant vectors are used for channel estimation with the rest allocated for PAPR reduction. Similar to the behavior seen in the simulation results of the 2 × 2 system, as w 2 increases, the PAPR reduction performance of the SIPR based system improves. Such improvement is also observed when Δ f decreases from 4 to 1 as more symbols are used for PAPR reduction. Figure 11 shows the MSE vs. SNR performance be-tween SIPR and RoMMSE for two different values of w 1 and w 2 . L = 8, Δ f = 4, CR = 6 dB, and N f = 128. Similar to the performance seen in Fig. 6 , as w 1 increases (and w 2 decreases for SIPR), the MSE performance of SIPR and RoMMSE improves. This is because more power is allocated for robust channel estimation. Also, since all the power allocated to the superimposed training sequence in the RoMMSE algorithm is dedicated to robust channel estimation, the RoMMSE method always outperforms the proposed SIPR method in terms of MSE.
4 × 4 MIMO-OFDM System
Conclusion
A joint sequence design called SIPR is proposed for robust channel estimation and PAPR reduction for MIMO-OFDM systems. The proposed SIPR method is able to accurately estimate spatially correlated MIMO-OFDM channels even if the spatial correlation estimate is inaccurate, and also significantly lower the PAPR without significantly impacting the spectral efficiency. When channel estimation using superimposed training sequence is not required, the transmit redundancy has been shown to be as small as 1 symbol/subcarrier. The computational complexity is shown to be comparable to a previously proposed method that uses linear programming. Simulation results show that the proposed scheme is able to outperform the tone reservation method in terms of PAPR reduction and transmit efficiency.
